
Measuring the astrophysical S-factor 
in plasmas: A preliminary test

A.Bonasera for the Laplafus collaboration
INFN Laboratori Nazionali del Sud, Catania, Italy.

& Texas A&M University, College Station TX, 77843

J.Natowitz, K. Hagel and R.Wada
Texas A&M University, College Station TX, 77843

L. G. Sobotka and R.J. Charity
Washington University, St. Louis MO, 63130





fig.1: S-factor Nacre-compilation

S0=187 MeV;  potenziale screening Ue=430 eV



  

S-factor calculations at astrophysical energies

S. Kimura and A.B. nucl-th/0403062



  

Test for atomic ground states where masses and forces (Coulomb) are 

exactly known

• S.Kimura and A.B. physics/0409008, Phys.ReV.A(2005)

Constrained Molecular Dynamics (CoMD)
S.Kimura and A.Bonasera, Phys. Rev. A 72, 014703 (2005)

Lagrange multiplier method for constraints

Variational calculus leads Hamilton Equation with Constraint:
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Chaos driven fusion enhancement at astrophysical energies
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sum of the radii of the target and projectile nuclei. Sim-
ilarly from the simulation without muon, we obtain the
penetrability of the bare Coulomb barrier Π0(E). We
choose the initial inter-nuclear separation 3 Å. This is
much larger than the scale of the muonic tritium radius,
which is of the order of 1.3 mÅ.

III. ENHANCEMENT OF THE CROSS
SECTION BY THE MUONIC SCREENING

EFFECT

We introduce the enhancement factor of the cross sec-
tion by the bound muon fµ

fµ = σ(E)/σ0(E). (10)

where σ(E) and σ0(E) are the real cross section and the
cross section in the absence of the muon, respectively. We
approximate Eq. (10) by taking the ratio of the penetra-
bilities in the presence and in the absence of the muon;

fµ = Π(E)/Π0(E). (11)

In the following discussion, the enhancement factor is
referred as an indicator of the regularity of the muonic
motion [4, 15]. It plays a role of a sort of order parame-
ter and is determined through the obtained values in the
numerical simulation. In the top panel of Fig. 1 we plot

10
0

10
5

10
10

10
15

10
20

10
25

10
30

 0.1  1  10  100

f µ

conv.ADL
exac.ADL

10
0

10
5

10
10

10
15

10
20

10
25

10
30

10
35

 0.1  1  10  100

!
f µ

2
/f- µ

Einc[keV]

FIG. 1: Enhancement factor by the bound muon (top panel)
and ∆f2

µ/f̄µ (bottom panel) as functions of the incident
center-of-mass energy. The arrows in the figure indicate the
point where total energy is zero.

fµ as a function of the incident center-of-mass energy be-
tween the triton and the deuteron. From our simulation

of the collisions using an ensemble of events, we deter-
mine the average enhancement factor f̄µ and its vari-

ance: ∆fµ = [f̄2
µ − f̄µ

2
]1/2. These are shown by squares

and error-bars, respectively. Both the average f̄µ and its
variance increase exponentially as the incident energy de-
creases. The dashed and dotted lines in the figure corre-
spond to the enhancement factor fµ in the conventional
and exact adiabatic limit respectively (See Appendix).
The average f̄µ is in agreement with the exact adiabatic
limit. In the bottom panel the ratio ∆f2

µ/f̄µ versus in-
cident energy is plotted. In the high energy limit the
ratio approaches zero, i.e., the fµ distribution becomes a
δ-function (∆fµ = 0) and the average fµ approaches 1:
there is no effective enhancement. In the low energy limit
∆f2

µ/f̄µ " 1, which implies that the system exhibits a
sensitive dependence of the dynamics on initial condi-
tions, i.e., occurrence of chaos. It is noteworthy that the
slope of the ratio ∆f2

µ/f̄µ changes at the ionization en-
ergy of the muonic tritium, which we indicated by the
arrows in the figure. At this point the total energy of
the system is zero. The total system is unbound at the
incident energies higher than this point, while the 3-body
system is bound at lower energies. We indeed verify the
manifestation of chaos by plotting the Poincare surface
of section with respect to the enhancement factor for two
events in Fig. 2. In the figure we show the surface of sec-
tion for two selected events at the incident energy 0.18
keV on the x-px plane (FIG. 2 left panels) and on the
z-pz plane (FIG. 2 right panels), respectively. We choose
the beam axis to coincide with the z-axis. At the incident
energy 0.18 keV the average enhancement factor, f̄µ =
2.9 ×1029 as one can see in Fig. 1. In the top panels,
with fµ= 4.1×1019 ($ f̄µ) and the ratio of the external
classical turning point in the presence of the muon to the
one in the absence of the muon ctpµ/ctp0 = 0.15, the
points show a map of a typical regular event. By con-
trast in the bottom panels, with fµ= 2.7×1031 (> f̄µ)
and ctpµ/ctp0 = 0.06, the points show the map of an
irregular event; the points cover a large section of the
map. The irregular muonic motion leads to smaller ex-
ternal classical turning point. As a consequence it gives
larger enhancements factors opposed to the previous re-
sults in the case of the electron screening [4, 15], where
the irregular(chaotic) events give smaller enhancement
factors. This contradiction is accounted for the fact that
the system is bound in the present case at low incident
energies, while in the previous case even the lowest inci-
dent energy, which has been investigated, is much higher
than the binding energy of the electrons. Therefore the
chaotic dynamics of the electrons causes to dissipate the
kinetic energy between the target and the projectile and
lowers the probability of fusion.
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Alpha-muon sticking and chaos in muon-catalysed d-t fusion

Sachie Kimura and Aldo Bonasera
Laboratorio Nazionale del Sud, INFN, via Santa Sofia, 62, 95123 Catania, Italy

(Dated: May 24, 2006)

We discuss the alpha-muon sticking coefficient in the muon-catalysed d-t fusion in the framework
of the Constrained Molecular Dynamics model. Especially the influence of muonic chaotic dynamics
on the sticking coefficient is brought into focus. The chaotic motion of the muon affects not only the
fusion cross section but also the µ − α sticking coefficient. Chaotic systems lead to larger enhance-
ments with respect to regular systems because of the reduction of the tunneling region. Moreover
they give smaller sticking probabilities than those of regular events. By utilizing a characteristic
of the chaotic dynamics one can avoid losing the muon in the µCF cycle. We propose that the
application of the so-called “microwave ionization of a Rydberg atom” to the present case could
lead to the enhancement of the reactivation process by using X-rays.

PACS numbers:

I. INTRODUCTION

The muon catalyzed fusion (µCF) of hydrogen iso-
topes, especially d-t fusion, has been studied as a re-
alizable candidate of an energy source at thermal ener-
gies. In the liquid D2 and T2 mixture, the muon assists
the fusion through the formation of a muonic molecule,
since the size of the muonic molecule is much smaller
than that of the ordinary molecules and the fusing nuclei
tend to stay closer. After the fusion process the muon
is released normally and again it is utilized for another
fusion. The efficiency of the µCF is governed by the
muon-sticking on the α particle which is produced in the
fusion [1, 2]. The muon is lost from the µCF cycle by the
initial sticking(ω0), unless it is not released through the
interaction with the medium. The rate of the stripping
of the stuck muon from the α particle is known as the
reactivation coefficient R and thus the effective sticking
probability(ωeff

s ) is determined by

ωeff
s = ω0(1 − R). (1)

The determination of the value of R is discussed in the
reference [3]. In this paper we do not take into account
the medium effects which are supposed to be important
to determine the precise value of R in the actual exper-
imental setup. We rather aim to propose a method in
order to enhance the reactivation process, by making use
of the stochastic instability of the stuck muon in an os-
cillating field. For this purpose we are mainly interested
in investigating the impact of the regular and chaotic
dynamics [4]. The experimental value of the initial stick-
ing ω0 which is determined assuming the theoretical R
in [3] is tabulated in the reference [5]. In the table the
values of ω0 from 7 separate measurements are smaller
than theoretical estimate for the most part. The direct
measurement of ω0 has been conducted as well and gave
the ω0 = 0.69 ± 0.40 ± 0.14 % [2]. The temperature de-
pendent phenomena in the muon cycling rate and in the
muon loss probability, which is a function of ωeff

s , have
been reported on the ddµ at the temperature from 85K
to 790K [6] and on the dtµ from 5K to 16K [7, 8] by mea-

suring the fusion neutron yield and the Kα X-ray yield
lately. They have observed that the muon loss probability
increases and the muon cycling rate decreases as the tem-
perature decreases. In the latter case ωeff

s varies from
0.64% to 0.86±0.01% as the temperature varies from 16K
to 5K. The temperature dependence in the muon loss
probability is thought to be caused by a change of the
reactivation coefficient R in Eq. (1) [7, 8].

At thermal energies, where the µCF takes place, fluc-
tuations are anticipated to play a substantial role. We
investigate the influence of the fluctuations by using a
semi-classical method, the constrained molecular dynam-
ics (CoMD) approach. As it is well known the molecular
dynamics contains all possible correlations and fluctua-
tions due to the initial conditions(events). In the CoMD,
the constraints restrict the phase space configuration of
the muon to fulfill the Heisenberg uncertainty principle.
The results are given as an average and a variance over
ensembles of the quantity of interest which is determined
in the simulation. Especially we determine the enhance-
ment factor of the reaction cross section by the muon as a
function of the incident energy. The enhancement factor
of each event indicates the regularity of the system. Sub-
sequently we determine the initial muon sticking proba-
bility, using the phase space distribution of the muon at
the internal classical turning point. A distinctive feature
of our study is that we do not assume the ground state
of the muonic molecule as the initial state of the muonic
molecules, instead we use the initial state configuration
by simulating the fusion process employing the imaginary
time method [9, 10, 11]. As a consequence, in fact, the
muon does not stick necessarily to the ground state of
the alpha particle and this fact plays an important role
when we proceed to the stripping of the bound muon in
the oscillating field. The chaotic dynamics could prevent
the muon from being lost in the µCF cycle due to the
sticking. It is achieved by utilizing the characteristic as
a nonlinear oscillator of the trapped muon on the alpha
particle. We draw an analogy between the muonic He
ion in the present case and microwave-ionization of Ry-
dberg atoms [12, 13, 14], where the driven electron in

S.Kimura and A.B.



  

Simulate fusion in plasmas:

Mean free path approach.

 At each time step we search the

closest particle l to each ion k and

calculate the local density ! and the

relative velocity vkl , from this we obtain

the fusion cross section (parametrized

from data) ".

Define the local  mean free path for

particles k and l at time t:

# 

$ =
v

kl
dt

%
= !" (r

k
)v

kl
dt

In a Montecarlo way it is decided if the

two ions fuse and the  reaction is

performed according to the Q-value.

A.Bonasera, fusion03, Progr.Theo.Phys.Suppl.154,261(2004)



  

Tokamak case: JET & ITER

D+T (squares), D(circles) and D+Li (triangles) at 9.8 1019m-3 density.  D+T (dashed line) and JET result 

(cross) at 1019m-3 density.



  

• D+T Ei=50, 5 KeV

• D   Ei=50, 5 KeV



ABC LASER facility, Frascati Rome
100 J 3 ns

(A.Caruso and C.Strangio)
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In particolare a 5KeV abbiamo 24 (26 con lo screening ) eventi di fusione per sparo e 0.097 (0.1134) a 3KeV. 
Queste sono temperature accessibili utilizzando il laser ABC.

Fig.3 Numero di fusioni aspettato 
utilizzando la compilazione Nacre + 
potenziale di schermatura Ue=430eV. Il 

plasma è descritto come una Maxwelliana 
a temperatura T. 

N= ∫∫ dV dt n1n2 <σ12 v>,    (6) 



Caratterizzazione degli eventi nucleari
utilizzando il 39CR

Numero di alfa da sorgente di Am ottenute dopo trattamento chimico.

CR39



Background tracks



Confronto conteggi 
rivelatore al Si e Cr39



Testo

D.Leanza, master thesis, telecommunications eng., Kore 
University
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Expected rates for an equilibrium system 
(for 1ns) AT NIF

T             E_gamow          Rate                alphas/cm2 at 4 m
(kev)            (keV)          (cm3/mol s)

2.5              33                      2.6*10-4               0.04
5.0              52                      5.3*10-1               87
10               82                      2.1*102                33,000

L. G. Sobotka and R.J. Charity



A few details
Can do shots with 10B and 11B separately. 
Carborane [C2B10H12] can be readily obtained 
with either isotope with 99.9% purity.   = 0.95 

g/cm3 , white powder. 

The energy analysis might prove interesting as 
the 16.11 state decays through 8Be*(2.9) while 
the 16.58 state decays through 8Be*(2.9) and 

8Begd



CONCLUSIONS

• Proposed experiments to measure S-factor in plasmas 
for p+B (but can be extended to other systems)

• Preliminary test at ABC laser faciliy very encouranging 
(low densities plasmas T=5-10 KeV): LAPLAFUS expt.

• Propose similar experiments but for compressed 
systems at NIF (Jupiter to begin).  Expect similar T and 

hope  for some ‘surprises’ as in LAPLAFUS.
• Are there screening effects in hot and dense plasmas?
• Can we use the electrons ‘chaotic’ motion to our 

advantage?




